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Abstract
In this paper a class of semilinear thermoelastic contact problems is considered
and the existence and exponential decay of the weak solutions are obtained.
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1. Introduction
In this paper, we study the small longitudinal deformation along the
x-axis of a one-dimensional semilinear thermoelastic rod, when the body
ﬁxed at x ¼ 0 and unilaterally constrained at x ¼ 1: We suppose that the
expansion and contraction are due to thermal effects and body forces.
Problems involving thermoelastic contact arise naturally in many situations
(see [2,4]). Particularly, those involving industrial processes when two or
more materials may come in contact or may lose contact as a result of
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thermoelastic expansion or contraction. Such thermoelastic phenomenon
can be divided into three parts: static, quasistatic and full dynamics.
The quasistatic and static cases with various boundary conditions have
been widely studied in [1–4,7,13–15], both numerically and theoretically.
Various kinds of existence, uniqueness and stability results are established.
These papers contain a variety of linear and nonlinear boundary conditions
but in each case the problem involves both a single temperature and a single
displacement, so that reformulation leads to one nonlinear equation for a
single temperature.
By contrast, the fully dynamic problem is different from that of
the quasistatic case. The quasistatic system can be viewed as a mixed
elliptic–parabolic type, while the dynamic case is a mixed hyperbolic–
parabolic type. This latter case is more complicated. There are few
results which only concern the existence. In [5,12], the authors consider
the linear equations with contact conditions (Signorin’s contact conditions).
In [5], the authors considered unilaterally constrained at x ¼ 1; only the
existence of weak solution was obtained. In [12], the authors considered the
case of two rods, both existence and exponential decay of weak solution
were obtained.
We study the case in which the obstacle can be deformed so it is possible
that there exists a penetration. We assume that there is friction in the
interaction between the bar and obstacle, see Fig. 1.
In these conditions the displacement u can satisfy either uoa or u > a: The
corresponding equations for this situation is given by
utt  Zuxx þ myx þ N1ðu; yÞ ¼ f ðxÞ in ð0; 1Þ  ð0; TÞ; ð1:1Þ
yt  kyxx þ muxt þ N2ðu; yÞ ¼ gðxÞ in ð0; 1Þ  ð0; TÞ: ð1:2Þ
The initial conditions are given by
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The boundary conditions on the contact side are given by
Zuxð1; tÞ  myð1; tÞ ¼ d½ðuð1; tÞ  aÞ
þm
 b½ðuð1; tÞ  aÞþlutð1; tÞ; ð1:4Þ
kyxð1; tÞ ¼ byð1; tÞ; ð1:5Þ
while at the end x ¼ 0 we have
uð0; tÞ ¼ 0; yxð0; tÞ ¼ 0: ð1:6Þ
Here Z; m; k; d; b; b are positive constants, mX1; lX0: For the sake of
simplicity, we assume that f and g are given functions depending only on x:
The nonlinear terms N1ðu; yÞ and N2ðu; yÞ satisfy:
N1ðu; yÞ ¼ N11ðuÞ þ N12ðyÞ;
N11AC1ðRÞ; N12AC1bðRÞ; N11ðuÞuX0; 0pN 012ðyÞpM1;
N12ð0Þ ¼ 0; ð1:7Þ







N11ðsÞ ds ðn > 0 is a constantÞ; ð1:9Þ
jN21ðuÞjpM2juj; jN22ðyÞjpM3jyj; ð1:10Þ
where Mi ði ¼ 0;y; 4Þ are positive constants.
In this paper, we will show the existence of weak solutions for problem
(1.1)–(1.6) under conditions (1.7) and (1.8). Moreover, we obtain the
exponential decay for (1.1)–(1.6) under conditions (1.7)–(1.10) provided M1
and M2 are small constants when f ¼ g ¼ 0: To show the existence of
solution we use the monotonicity method, compactness method and some
technical arguments. In [6], the authors obtained the uniqueness for the
contact problem of thermoviscoelastic problem using the standard method,
but the uniqueness is an open problem for thermoelastic contact problem
[10,11]. The exponential decay of the weak solution for semilinear
thermoelastic contact problem is very interesting and also very difﬁcult.
First, we obtain the exponential decay for the strong solution of (1.1)–(1.6)
by the multiplier method and constructing generalized Lyapunov functional,
then we obtain the exponential decay for the weak solution of (1.1)–(1.6) by
lower semicontinuity of the norm. To our knowledge, the present paper is
the ﬁrst attempt to investigate the exponential decay of weak solution for
semilinear thermoelastic contact problems.
The organization of the remaining parts of this paper is as follows. In
Section 2 we prove the existence of strong solutions to system (1.1)–(1.6)
under conditions (1.7) and (1.8) and the continuous dependence of the
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strong solution of (1.1)–(1.6) in H1  L2  L2: In Section 3 we show the
existence of weak strong solution and to (1.1)–(1.6) provided (1.7)–(1.8)
hold. In Section 4, we prove the exponential decay of weak solution to
(1.1)–(1.6) provided (1.7)–(1.10) hold and when M2 and M2 are a small
positive constant and f ¼ g ¼ 0:
2. Existence of strong solution for (1.1)–(1.6)
In this section, we show the existence of strong solution to the semilinear
thermoelastic contact problem given by (1.1)–(1.6) under conditions
(1.7)–(1.8). We denote the norm of L2ð0; 1Þ by jj  jj:
Theorem 2.1. Let us take f ; gAL2ð0; 1Þ; a > 0: Suppose that N1ðu; yÞ and
N2ðu; yÞ satisfy (1.7) and (1.8) and ðu0; u1; y0ÞAH2ð0; 1Þ  H1ð0; 1Þ  H2ð0; 1Þ
are compatible with the boundary conditions (1.4)–(1.6), then for any T > 0;
there exists a unique solution ðu; yÞ of (1.1)–(1.6) satisfying
@jtuAL
Nð0; T ; H2jð0; 1ÞÞ; j ¼ 0; 1; 2;
@jtyAL
Nð0; T ; H22jð0; 1ÞÞ;
yxtALNð0; T ; L2ð0; 1ÞÞ:
Moreover, we have




















2 þ jju1t  u
2
t jj
2 þ jjy1  y2jj2
p %Cðjjðu10  u20Þxjj2 þ jju11  u21jj2 þ jjy10  y20jj2Þ; ð2:2Þ
where
Eðt; u; yÞ ¼
Z 1
0









½ðuð1; tÞ  aÞþmþ1;
ðu1; u1t ; y
1Þ and ðu2; u2t ; y











0Þ; respectively, C is a positive constant depending on T
and %C is a constant depending only on T and jjðu0; u1; y0ÞjjH1L2L2 :
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Proof. We only give the proof of (2.1) and the continuous dependence (2.2)
of strong solutions of (1.1)–(1.6) in H1ð0; 1Þ  L2ð0; 1Þ  L2ð0; 1Þ; the proof
of the global existence in H2ð0; 1Þ  H1ð0; 1Þ  H2ð0; 1Þ is standard (by
Faedo–Galerkin method [9]), we could refer to [12].
Multiplying (1.1) resp. (1.2) by ut and y resp., and performing an





Eðt; u; yÞ ¼  k
Z 1
0
jyxj2 dx  b½ðuð1; tÞ  aÞ
þl jutð1; tÞj


















By (1.7)–(1.8) and the Cauchy–Schwarz’s inequality, we have
d
dt
Eðt; u; yÞ þ k
Z 1
0




ðjf j2 þ jgj2Þ dx þ CEðt; u; yÞ;
where C is a positive constant. Using Gronwall’s inequality, (2.1) follows.
Next, we prove the continuous dependence of the strong solution of
(1.1)–(1.6) in H1ð0; 1Þ  L2ð0; 1Þ  L2ð0; 1Þ: Let ðu1; u1t ; y
1Þ and ðu2; u2t ; y
2Þ be









0Þ; respectively. Let us denote by U ¼ u
1  u2; Y ¼ y1  y2; then
ðU ;YÞ satisﬁes:
Utt  ZUxx þ mYx þ N1ðu1; y
1Þ  N1ðu2; y
2Þ ¼ 0
in ð0; 1Þ  ð0; TÞ; ð2:4Þ
Yt  kYxx þ mUxt þ N2ðu1; y
1Þ  N2ðu2; y
2Þ ¼ 0
in ð0; 1Þ  ð0; TÞ: ð2:5Þ
The initial conditions are
Uðx; 0Þ ¼ u10  u
2









The boundary conditions on the contact side are given by
ZUxð1; tÞ  mYð1; tÞ ¼  df½ðu1ð1; tÞ  aÞ
þm  ½ðu2ð1; tÞ  aÞþmg
 bf½ðu1ð1; tÞ  aÞþlu1t ð1; tÞ
 ½ðu2ð1; tÞ  aÞþlu2t ð1; tÞg; ð2:7Þ
kYxð1; tÞ ¼ bYð1; tÞ; ð2:8Þ
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while at the end x ¼ 0 we have
Uð0; tÞ ¼ 0; Yxð0; tÞ ¼ 0: ð2:9Þ
Now, we establish a lemma which will be used very frequently in what
follows.














In order to obtain the continuous dependence of the strong solution of
(1.1)–(1.6) in H1ð0; 1Þ  L2ð0; 1Þ  L2ð0; 1Þ we give the following lemma
about the boundary regularity for the solution of wave equation in one
dimension. &
Lemma 2.3. Let qðxÞAC1½l1; l2 and f1AL2ð0; T ; L2ðl1; l2ÞÞ: Then for any
solution v such that @jtvAL2ð0; T ; H2jðl1; l2ÞÞðj ¼ 0; 1; 2Þ of the equation







qðxÞvtvx dx ¼ 
qðxÞ
2
















To show the above identity, we multiply the equation by qvx then we use
integrations by parts.
Now, ﬁrst applying Lemma 2.3 to Eq. (1.1), that is ðq; l1; l2; f1Þ ¼
ðx; 0; 1; f  N1ðu; yÞ  myxÞ; we get
utð1; tÞ












2 þ y2x þ f
2Þ dx; tA½o; T :
Lemma 2.2 and inequality (2.1) are used here, where C1 is a constant that
depends on the coefﬁcients in (1.1). Integrating the above inequality over
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½0; T  we getZ T
0
ðu2t ð1; tÞ þ u
2
xð1; tÞÞ dtpC2; ð2:10Þ
where C2 is a constant which depends on T and jjðu0; u1; y0ÞjjH1L2L2 :
Then, applying Lemma 2.3 to (2.4), we have qðxÞ ¼ x; l1 ¼ 0; l2 ¼ 1 and
f1 ¼ mYx  N1ðu1; y























where C3 is a constant which depends on T and jjðu0; u1; y0ÞjjH1L2L2 and e:
Multiply (2.4) resp. (2.5) by Ut and Y resp., and integrating over ð0; 1Þ;


























2Þ dx and where C4 is a constant which







































2 dsÞ and C5 and C6 are constants which
depend on T and jjðu0; u1; y0ÞjjH1L2L2 : Now, we let e and t0 be small








FðsÞ ds; tA½0; t0:
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By Gronwall’s inequality, (2.2) is proved on ½0; t0: Repeating the above
procedure step by step, (2.2) is obtained on ½0; T  for any T > 0:
The uniqueness of the strong solution of (1.1)–(1.6) can be obtained by
(2.2) easily. By now, the proof of Theorem 2.1 is completed. &
Remark 1. From the proof, we can see that the constant C in (2.2) depends
only on T and the right-hand side of (2.1), that is, it depends only on T and
the norm of jjðu0; u1; y0ÞjjH1L2L2 : Here f and g are independent of t only for
simplicity.
Remark 2. From Theorem 2.1, we have
½ðuð1; tÞ  aÞþpC; for tA½0; T ;Z T
0
½ðuð1; tÞ  aÞþl jutð1; tÞj2 dtpC; ð2:12Þ
and it will be used in the next section.
3. Existence of weak solutions for (1.1)–(1.6)
In this section, we show the existence of weak solutions to the semilinear
thermoelastic contact problem given by (1.1)–(1.6) under conditions (1.7)–(1.8).
Theorem 3.1. Let us take f ; gAL2ð0; 1Þ; a > 0: Suppose that N1ðu; yÞ and
N2ðu; yÞ satisfy (1.7) and (1.8) and ðu0; u1; y0ÞAK0  L2ð0; 1Þ  L2ð0; 1Þ; then
for any T > 0; system (1.1)–(1.6) has at least one solution ðu; yÞ satisfying:
uALNð0; T ; K0Þ; utALNð0; T ; L2ð0; 1ÞÞ;
yALNð0; T ; L2ð0; 1ÞÞ-L2ð0; T ; H1ð0; 1ÞÞ;
where K0 ¼ fu: uAH1ð0; 1Þ; uð0Þ ¼ 0g:
Proof. We use regularization technique to prove the existence of weak






2ð0; 1Þ  H1ð0; 1Þ  H2ð0; 1Þ which are compatible with
the boundary conditions (1.4)–(1.6) and satisfy
jjun0  u0jjH1-0; jju
n
1  u1jjL2-0; jjy
n
0  y0jjL2-0 as n-N; ð3:1Þ
then we have the regularized sequence ðun; unt ; y
nÞ of solution for (1.1)–(1.6)




0Þ by Theorem 2.1.
By (2.1), we may extract a subsequence of ðun; unt ; y
nÞ; which we still denote
in the same way, such that when n-N
un,u weak-% in LNð0; T ; K0Þ;
unt,ut weak-% in L
Nð0; T ; L2ð0; 1ÞÞ;
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yn,y weak-% in LNð0; T ; L2ð0; 1ÞÞ;
ynt,yt weakly in L
2ð0; T ; H1ð0; 1ÞÞ;
yn,y weak-% in LNð0; T ; L2ð0; 1ÞÞ;
ynð1:tÞ,yð1; tÞ weakly in L2ð0; TÞ;
ðunð1; tÞ  aÞþ,w weakly in Lpð0; TÞ 81opoN:
By the above property and [8, Lemma 1.4], we have
un-u in Cð½0; T ; L2ð0; 1Þ as n-N:
Therefore, it follows that,
un-u; a:e: ðunð1; tÞ  aÞþ-ðuð1; tÞ  aÞþ a:e: as n-N: ð3:2Þ
By (2.12), we know
½ðunð1; tÞ  aÞþm,w1 weakly in L
pð0; TÞ 81opoN as n-N:
Using [9, Lemma 1.3], and (3.2), we have
½ðunð1; tÞ  aÞþm,½ðuð1; tÞ  aÞþm
weaklyFin Lpð0; TÞ 81opoN as n-N: ð3:3Þ
Now, let us consider the weak convergence of ½ðunð1; tÞ  aÞþlunt ð1; tÞ: By










½ðunð1; tÞ  aÞþlþ1,w2 in L
















½ðunð1; tÞ  aÞþlþ1v dt ¼ 
Z T
0
½ðunð1; tÞ  aÞþlþ1vt dt:
Using similar arguments to those used to get (3.3), we have
½ðunð1; tÞ  aÞþlþ1,½ðuð1; tÞ  aÞþlþ1






½ðunð1; tÞ  aÞþlþ1vt dt ¼ 
Z T
0






½ðuð1; tÞ  aÞþlþ1v dt:





½ðuð1; tÞ  aÞþlþ1:
So we have
½ðunð1; tÞ  aÞþlunt ð1; tÞ,½ðuð1; tÞ  aÞ
þlutð1; tÞ; n-N
weakly in L2ð0; TÞ: ð3:4Þ
With the same arguments as used to obtain (3.3), we can easily see that
N11ðunÞ,N11ðuÞ; N21ðunÞ,N21ðuÞ weak-%
in LNð0; T ; Lpð0; 1ÞÞ; pAð1;NÞ:
Since ynALNð0; T ; L2ð0; 1ÞÞ; yntAL
2ð0; T ; H1ð0; 1ÞÞ; by Lemma 1.4 of [8], we
have
yn-y; in Cð½0; T ; Hnð0; 1ÞÞ; 0ono1;
when n-N; we have
Z 1
0
ðyn  yÞz dx

-0 8zAHnð0; 1Þ: ð3:5Þ
About N12ðy
nÞ; by (1.7) and (2.1), we know
N12ðy
nÞ,w3 weak-% in L
Nð0; T ; L2ð0; 1ÞÞ as n-N:
















ðyn  yÞz dx

-0
as n-N: Where x is between yn and y: By the uniqueness, we conclude that
N12ðy
nÞ,N12ðyÞ; weak-% in LNð0; T ; L2ð0; 1ÞÞ: ð3:6Þ
As for N22; by (1.8) and (2.1), we know
N22ðy
nÞ,w4; weak-% in L
Nð0; T ; L2ð0; 1ÞÞ:









nÞ  N22ðvÞ; y
n  vÞ dx dtX0
8vAL2ð0; T ; H1ð0; 1ÞÞ-LNð0; T ; L2ð0; 1ÞÞ





































2 dx dt  bjynð1; tÞj2:































and since N21 is a Lipschitz continuous function, we have

































































ðw4  N22ðvÞÞðy vÞ dx dtX0:
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By the monotonicity of N22; we ﬁnd
w4 ¼ N22ðyÞ:












n; ynÞ ¼ gðxÞ in ð0; 1Þ  ð0; TÞ;
unðx; 0Þ ¼ un0ðxÞ; u
n
t ðx; 0Þ ¼ u
n
1ðxÞ; y
nðx; 0Þ ¼ yn0ðxÞ;
Zunxð1; tÞ  my
nð1; tÞ ¼  d½ðunð1; tÞ  aÞþm  b½ðunð1; tÞ  aÞþlunt ð1; tÞ;
kynxð1; tÞ ¼  by
nð1; tÞ;
unð0; tÞ ¼ 0; ynxð0; tÞ ¼ 0:
We obtain that (1.1)–(1.6) holds in the weak sense and ðu; yÞ satisﬁes the
regularity properties in Theorem 3.1, so the existence of weak solution for
(1.1)–(1.6) is proved, that is, the proof of Theorem 3.1 is complete. &
4. Exponential decay of the weak solution for (1.1)–(1.6)
In this section, we prove the exponential decay of weak solution in
H1  L2ð0; 1Þ  L2ð0; 1Þ with f ¼ g ¼ 0: First, we obtain the exponential
decay of the strong solution for (1.1)–(1.6) in H1ð0; 1Þ  L2ð0; 1Þ  L2ð0; 1Þ
when f ¼ g ¼ 0; then by the lower semicontinuity, we obtain the
exponential decay of the weak solution for (1.1)–(1.6) in H1ð0; 1Þ 
L2ð0; 1Þ  L2ð0; 1Þ:
Theorem 4.1. Under the condition of Theorem 2.1, (1.9)–(1.10), l ¼ m
1;mX1 and M1; M2 are small enough and f ¼ g ¼ 0; we have
Zjjuxjj2 þ jjutjj2 þ jjyjj2pCegt; ð4:1Þ
g is a positive constant which can be seen in the proof.
Proof. By Theorem 2.1, we know there is a unique strong solution ðu; ut; yÞ





Eðt; u; yÞ þ k
Z 1
0
jyxj2 dx þ bjutð1; tÞj2½ðuð1; tÞ  aÞ











In order to obtain exponential decay, we need the following lemmas.
H. Gao, J.E. Mun˜oz Rivera / J. Differential Equations 186 (2002) 52–68 63
Lemma 4.2. Under the conditions of (1.7)–(1.10), there exists two positive






















ðy2 þ y2xÞ dx; ð4:3Þ
where cðx; tÞ ¼
R x
0 yðy; tÞ dy:
Proof. Integrating (1.2) over ð0; xÞ we get
@tc kyx þ mut þ
Z x
0
N2ðu; yÞ dx ¼ 0:
Using the above identity and Eq. (1.1), integrating by parts and keeping in























































Z1N1ðu; yÞ dx: ð4:4Þ









































ðy2 þ y2xÞ dx;
2Z
m











































































































þ 1g and by the above
inequalities and (4.5), the proof of Lemma 4.2 is complete. &
Applying Lemma 2.3 to Eq. (1.1), and using similar arguments as the















































 d½ðuð1; tÞ  aÞþmuð1; tÞ  butð1; tÞ½ðuð1; tÞ  aÞ
þlþ1






















N11ðuÞu dx  d½ðuð1; tÞ  aÞ
þmþ1: ð4:6Þ




















xutux þ uut þ
b
mþ 1



















where M6 ¼ max M4ð1þ ZÞ þ
Zm
8M5














y2x dx þ 2y
2ð1; tÞ
and by (1.9)–(1.10), (4.1) can be rewritten as
d
dt
Eðt; u; yÞ þ k
Z 1
0























Now let us deﬁne














½ðuð1; tÞ  aÞþmþ1: ð4:9Þ


















H. Gao, J.E. Mun˜oz Rivera / J. Differential Equations 186 (2002) 52–6866
then there exists a constant M7 such that
M17 Eðt; u; yÞpLðtÞpM7Eðt; u; yÞ; ð4:11Þ
which easily follows from the deﬁnition of Eðt; u; yÞ and Lemma 2.2.






































































½ðuð1; tÞ  aÞþmþ1

p0; ð4:13Þ






g: By (4.11), such that
d
dt
LðtÞ þ M17 rLðtÞp0: ð4:14Þ
Then, by Gronwall inequality we have
LðtÞpLð0ÞerM17 t:
Using (4.11), we have




Let g ¼ rM17 and C ¼ M
2
7Eð0; u; yÞ; then Theorem 4.1 is proved. &
Using the lower semicontinuity of the norm in H1  L2  L2 and as a
corollary of Theorem 4.1 we have
Corollary 4.3. When f ¼ g ¼ 0; under the condition of Theorem 3.1, (1.9)–
(1.10) and M1 and M2 satisfy (4.12), then the weak solution of (1.1)–(1.6)
decays exponentially as t-N; that is, we have
Zjjuxjj2 þ jjutjj2 þ jjyjj2pCegt:
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